Introduction
The purpose of this paper is to present finiteness theorems and several properties of cohomologies of holomorphic solution sheaves of maximally overdetermined systems of linear differential equations. The proof relies on the finiteness theorem for elliptic systems due to T. Kawai [4] , as an analytic tool, and on the theory of stratifications of analytic sets introduced by H. Whitney [8] and [9] ,as a geometric tool.
Our goal is the following theorem.
Theorem (3.1) Let 2ft be a maximally overdetermined system on a complex -manifold X and X= U X a be a stratification of X satisfying the regularity conditions of H. Whitney such that the singular support of 9JI is contained in the union of conormal projective bundles of the strata. Then the restriction of Sxt^x(^SSi t Ox) to each stratum is a locally constant sheaf of finite rank.
We mention that an introduction of differential operators of infinite order becomes indispensable when we analyze more precisely the structure of maximally overdetermined systems. We, however, leave this theme to our next paper and restrict ourselves to the category of finite order differential operators in the present paper.
As for notions on systems of differential equations, we refer to Communicated by M. Sato, May 22, 1974 . Thesis presented to Kyoto University. Department of Mathematics, Nagoya University, Nagoya.
MASAKI KASHIWARA
Kashiwara [2] and Sato-Kawai-Kashiwara [6] .
We will list up the notations used in this paper. In this section, we recall the nniteness theorem for elliptic systems due to T. Kawai [4] .
Let M be a real analytic manifold, and let X be its complexincation. We will denote by 3)x the sheaf of differential operators of finite order. S)M is the restriction of 3)x to M. Let 2K be an elliptic system of differential equations on M, that is, the coherent «2)j^-Module whose singular support does not intersect V -1 S^M=S^X. Let Q be a relatively compact open subset in M whose boundary is a real analytic hypersurface in M. The following theorem is due to T. Kawai [4] . We will apply Theorem (1.2) to the special case.
Let X be a complex manifold, and let Wl be a coherent ^) A real analytic submanifold N of X is said to be non characteristic with respect to TO when the singular support of TO does not intersect the conormal bundle of N. Proof. We will regarad X as a real analytic manifold and O x be a solution of Cauchy-Riemann equation. We can take X X X as a complex neighborhood of X where X is the complex conjugate of X.
Then

Ox=R Mo m3)
Therefore (£ c ; SK, C^) = Since TO(g)O^ is an elliptic system on X and 2ft(X)0^|g iGc is also elliptic, the theorem follows from Theorem (1.1) and (1.2).
Q.E.D. § 2, Finitistic Sheaves
In order to clarify the main theorem of this paper, we will introduce the following notion. In this section, A always denotes a commutative noetherian ring and sheaves are ^-Modules. In the following sections we take C as A.
Definition (2.1) Let 5 be an analytic space, and let F be a sheaf on S. We say that F is finitistic, if there is a stratification of vS such that F is locally constant on each stratum and every stalk is an A -module of finite type.
It is evident that the category of finitistic sheaves is an abelian category. If there is an exact sequence
of sheaves and two of them are finitistic, then so is the other clearly. If F and G are finitistic, then £T<n^(jF, G] is also finitistic.
Firstly, we will prove the following 
Lemma (2.3) Let S be an analytic set and let F be a finitistic sheaf on S. Let W be the largest open set in S such that F\w is locally constant on W. Then T=S-W is an analytic subset of S with codimension >}..
Proof. It is evident that T is nowhere dense. So, it suffices to show that T is an analytic set. Let 5= jj X a be a stratisfication of S satisfying the regularity conditions of Whitney so that F is locally constant on each stratum. It suffices to show that W fl X a =£<f>, then W contains X a , because this implies that T is a union of strata. Since X a is connected, it suffices to show that W[\X a is a closed subset. Let XQ be a cluster point of W fl X a in X a . By the induction of codimension of strata, we may assume that W contains all strata dominating X a , which implies that F is locally constant on U-X aj where U is a sufficient small neighborhood of XQ. By the preceding lemma, we can assume that
is an isomorphism for any #e= X a sufficiently near x. Since F is locally constant on W, F{ [7) -> F x is an isomorphism for some point x in W D X a f| U. It implies that F is locally constant in a neighborhood of XQ because we can assume that C/fl Xp is connected for any stratum Xp. It implies that XQ is contained in W.
Q.E.D.
By using above lemmas, we can show that finitisticity is a local property.
Proposition (2.3) Let F be a sheaf on S. If there is an open covering of S such that F is finitistic on each cover, then F is finitistic.
Proof. Let W be the largest open subset of 5 on which F is locally constant. Set T=S-W. T is a closed analytic set of 5. Then, by the induction, we can assume that F\ T is finitistic. Therefore F is finitistic.
O.E.D.
We will introduce the following notion.
Definition (2.4) Zet F be a sheaf on 5. The stratification 5-U X a of S is said to be regular with respect to F if it satisfies the regularity conditions of Whitney and F is locally constant on each stratum.
We will prove that "finitisticity" is invariant under "cohomology". In fact, if X a is a stratum of codimension </&/2 we can take Y so that its dimension </£/2. Therefore c^^n y ( J F| F )=0 because the real dimension of Y is less than k. § 3. Finiteness Theorem for Maximally Over deter mined System
Let X be a complex manifold of dimension n. We will show, in this section, the following main theorem.
Remember that a maximally overdetermined system on X is, by definition, a coherent S)x Module whose singular support is of codimension n in P*X at each point in it.
From now on, 971 always denotes a maximally overdetermined system. Firstly, we will discuss the Lagrangean analytic set. Lagrangean analytic set is by the definition an involutory analytic subset in P*X of dimension (n -1) (a fortiori, purely (n -1) dimensional). An analytic set of pure codimension n is Lagrangean if and only if the fundamental 1-form on P* X vanishes on the tangent cone of it at any point (equivalently on the non singular locus). The singular support of a maximally overdetermined system is always Lagrangean. [8] such that
Lemma (3.2) Let A be a Lagrangean closed analytic set in P*X. Then there is a stratification X= U X a of X satisfying the regularity conditions a) and b] of Whitney
where P* Xa X is the conormal projective bundle of X a in X.
Proof. Let rr be the projection from P*X onto X. Set X$=X -7r(A). XQ is a dense open set in X because dim ir(A) is less than (n -1).
Let X± be a set of non singular point of TT(/!). Note the following fact.
Sublemma (3.3) Let Abe a Lagrangean closed analytic set in P*X. Assume that Y=w(A) is a non singular set. Then A contains PyX and is an analytic subset of Y with codimension 2>1.
Proof. The question being local in F, we can assume that Y is defined by xi= . . . =x r =Q. Since A is involutory, A is invariant by the infinitesimal transformation 3/3£i, ..., d/dg r where | is cotangent vector. Therefore A containes {(#, D; *i= ... =#r=0, | r +i= ... =f w =0}, which equals to P* Y X. Since A-P* Y X is also Lagrangean, and A-P*yX does not contain P\X, -n(A-P\X} is not equal to F.
. By the induction we define X y -, X'^ and A^^ as follows. X'j is a non singular locus of Then, since dim Xj is strictly decreasing, X n+ i=<f>, and therefore A n =(/>. It is clear that {Xj} is a stratification of X and satisfies (3.1). By Whitney [8] , there exists a refinement of {Xj} which is a stratification satifying the regularity conditions. It is evident that this stratification satisfies (3.1).
We remark that the regularity condition (a) of Whitney is equivalent to say that U P*x a X is a closed analytic set of P* X. Since the stratification which satisfies (3.1) appears frequently, we introduce the following notion.
Definition (3.4) Let 3Ji be a maximally overdetermined system on X. The stratification of X is said to be regular with respect to 2Ji if it satisfies the regularity conditions a) b) of Whitney and the singular support of 9JI is contained in the union of the conormal projective bundle of strata. Now we will prove the following refined form of Theorem (3.1). We will prove firstly the following preparatory lemma.
Lemma (3.6) Let XQ be a point in X a , and choose a local coordinate near XQ. Then (x, (#-j/)oo) does not belong to 55(9JZ) for x^X, y^_X a such that \x -x$\<^\, \y -^ol^l and x=^y. (where x is the complex conjugate of x)
Proof. We may assume x^X^ where Xp is a stratum whose closure contains X a . If the lemma is false there are sequences X^x n and X a^yn which converge to XQ satisfying (x n , (x n -y n )oo^SS( ( 3Jl). We may assume that (TXp) Xn tends to T and a n (x n -y n } tends to a non zero vector v in T, where a n is a sequence in C*. By the assumption a n (x n -j? w ) £=L(T*x Q X} Xn , which is an orthogonal vector space of (TXp) Xn and Qi,y is independent of y. By Theorem (1.6), the restriction homomorphism are isomorphisms. Since {&t,y}t>o is a neighborhood system of y, the homomorphism is an isomorphism for every 3;. It follows that <?x£*(9JZ, Ox) Ix <* is locally constant. Since Ext*(Di } o; TO, Oj^) is finite dimensional, c?x^(TO, Ox)y is finite dimensional. It completes the proof of Theorem (3. Let 5K be a maximally overdetermined system on a complex manifold X of dimension n. We fix a stratification X= U X a of X which is regular with respect to 2ft. The support Supp <5xf*(50i, Ox) is a set of x where <SW*(S0i, 0^=^=0. Since (?x*«(3W, Ojr) is locally constant on the strata, its support is a union of strata, which implies that the support is a locally finite union of locally closed analytic sets (and its closure is an analytic set).
Theorem ( , we call it the adjoint system of 9K. 2ft* is also a maximally overdetermined system and (2ft*)*=2ft, and 901 1 ->>9K* is a contravariant exact functor from the category of maximally overdetermined systems into itself. We will generalize this proposition. Let Y be a submanifold of X of codimension d> x be a point in F. Therefore the theorem is a corollary of Proposition (5.1).
